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Abstract. We completely classify the extreme tracial states on the cores of the C*-algebras 
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1. Introduction 

We investigate a relation between self-similar sets and C*-algebras. Most of self-similar sets 
are constructed from iterations of proper contractions. A self-similar map on a compact metric 
space K is a family of proper contractions 7 = (71, ... , 77V ) on K such that K = (Jf=i TiC^Q- I n 
our former work Kajiwara-Watatani |14j . we introduced C*-algebras associated with self-similar 
maps on compact metric spaces as Cuntz-Pimsner algebras for certain C*-correspondences and 
show that the associated C*-algebras are simple and purely infinite. A related study on C*- 
algebras associated with iterated function systems is done by Castro |2J. A generalization to 
Mauldin- Williams graphs is given by Ionescu-Watatani [9]. 

The gauge action of the associated C*-algebra is an important tool. The fixed point algebra 
under the gauge action is called the core. Recall that the dimension group of a topological 
Markov shift is exactly the K-theory of the core of the corresponding Cuntz-Krieger algebra 
[3]. This idea is extended to the subshifts by Matsumoto [18] . Therefore we expect that many 
informations of a self-similar map as a dynamical system are contained in the structure of the 
core of the corresponding C*-algebra. In this note we study the trace structure of the fixed point 
algebra under the gauge action. In fact, the trace structure is described by measures supported 
on the orbits of the branched points of the self-similar map and the Hutchinson measure. We 
present a complete list of the extreme traces on the core to classify them. 

One of the key points is the structure of the cores of Cuntz-Pimsner algebras described by 
Pimsner [20]. We need a result on the extension of traces on a subalgebra and an ideal to their 
sum modified in [15] following after Exel and Laca [3] . We also recall the Rieffel correspondence 
of traces between Morita equivalent C*-algebras, which plays an important role in our study. 

The extreme traces are described by measures supported on the finite orbits of branched 
points of a self-similar map. For a branched point b and an integer r > 0, we consider a 
family (/^ 6 ' r ^)-L of discrete measures on K satisfying a compatibility condition such that the 

support of fJ-f^ is on the (r — i)-th 7-orbit of the branch point b for < i < r. By the Rieffel 
correspondence of traces, we construct finite traces on the compact algebras of multiple tensor 

1 



products of the C*-correspondence constructed from the original self-similar map. A sequence 
of such compatible traces gives an extreme trace 

T (b,r) on 

the core. On the other hand, the 
Hutchinson measure on the self-similar set K also gives a continuous type trace r°° on the core. 
We shall show that these traces r^' r - ) b G i? 7 , r = 0, 1, 2, . . . and r°° exhaust the extreme traces 
on the core J^ 00 ). 

For the classification of extreme traces, the analysis of point masses is essential. A tracial 
state on the core gives the traces on compact algebras K{X® n ) by restriction. We get a certain 
relation among the point masses of the measures on K corresponding to the traces on K{X® n ) 
and K(X® n+l ) by Morita equivalence. The difficulty of the analysis comes from the fact that 
K(X® n ) is not included in K(X® n+1 ). Thus the necessary condition can not be described by 
simple restriction. Here comes a technical use of a countable basis and a result of the extension 
of traces on a subalgebra and an ideal to their sum modified in [15 following after Exel and 
Laca [1]. 

For a tracial state of the core, we remove the discrete parts of it and get a finite trace which 
has no point mass. By the argument of principle of proper contraction on tracial state space, 
we can show that any tracial state on the core without point mass on A = C{K) is exactly the 
trace associated with the Hutchinson measure. Combining these, we can present a complete list 
of of extreme traces on the core. This gives a complete classification of the traces. 

In [8] we completely classified the KMS states for the gauge action on the associated C*- 
algebra 1 . We shall show that which trace on the core is extended to a KMS state on C 7 . We 
recommend a paper |16| by Kumjian and J. Renalut for a general study of the KMS states on 
C*-algebras associated to expansive maps. In many cases, the inverse braches of an expansive 
map gives a self-similar map in our study. 

The content of the paper is as follows: In section 2, we recall some basic notations and 
typical examples of self-similar maps. In section 3, we give some preliminary results for C*- 
correspondences. In section 4, we describe Rieffel correspondence of finite traces between C*- 
algebras which are Morita equivalent by an equivalence bimodule of finite degree type using 
countable bases. In section 5, we apply a result of trace extension to our situation. We get 
a certain relation between point masses of the measures on K corresponding to the traces on 
compact algebras of the tensor products of the (^-correspondences. In section 6, we construct 
model traces on the core . We also need a trace extension result for our construction. In section 
7, we classify the extreme traces on the core. Since the set of branched points is assumed to be 
finite, we can reduce the classificaion of the traces to the uniqueness of the invariant measure 
without point mass. In fact, the final step of the classification is completed by the contraction 
principle on the metric space of the probability measures using the Lipschitz norm and the fact 
that the diameter of it is finite. 



2. Self-similar maps 

Let (fi,d) be a (separable) complete metric space. A map f : Q —> Q is called a proper 
contraction if there exists a constant c and d with < c' < c < 1 such that < c'd(x, y) < 
d(f(x),f(y)) < cd(x,y) for any x, y e Q. 

We consider a family 7 = (71, ... , 77V) of N proper contractions on f2. We assume that N >2. 
Then there exists a unique non-empty compact set K C f2 which is self-similar in the sense that 
K = U*_i 7i(-^0- See Falconer [5] and Kigami [11] for more on fractal sets. 
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In this note we usually forget an ambient space f2 as in p3] and start with the following setting: 
Let (K,d) be a compact metric set and 7 = (71, . . . ,7jv) is a family of ./V proper contractions 
on K. We say that 7 is a self-similar map on K if K = (Ji=i 7i(-^Q- 

Definition 2.1. We say that 7 satisfies the open set condition if there exists an open subset V 
of K such that jj(V) n 7fc(V) = 4> for j 7^ k and IJfcLi 7i00 C V. T/ien V is an open dense 
subset of K . See a book [5] by Falconer, for example. 

Let S = { 1, . . . , iV}. For > 1, we put E fc = { 1, . . . , iV}* 1 . For a self-similar map 7 on a 
compact metric space K, we introduce the following subsets of K: 

By ={b G K I 6 = 7i(a) = 7j(a), for some a £ K and z 7^ j, }, 
C 7 ={ a G if | 7j (a) G 2? 7 for some j }, 

P 7 ={a G K I 3A; > 1, 3(ji, ... ,jk) G S fc such that 7^ o • • • o 7 Jfe (a) G P 7 }, 

00 

O b , k ={7,1 •••°7ifc(6) I Cn>--- .Jfc) e > 0), 6 = |J O b>k , where O bi0 = {»}, 

fc=0 

Or6 = |J O fc . 

We call i? 7 the branch set of 7, C 7 the branch value set of 7 and Py the postcritical set of 7. 
We define branch index at (7j(y),y) by ey(jj(y),y) = #{i G £|7j(y) = 7«(y)}. We call the 
k-th 7 orbit of b, and Ob the 7 orbit of b. 

Assumption A. Throughout the paper, we assume that a self-similar map (if, 7) satisfies 
the following for simplicity: 

(1) Their exists a continuous map h : K — > if such that h{^j{y)) = y for y € K and 
j = 1, . . . , 2V, and fc-^y) = Uf=i 7i(l0- 

(2) The sets By and P 7 are finite sets. 

(3) The intersection of By and IJbeB Ufc^=i ^ s empty. 

Under the assumption A above, By is the branch set of h and C 7 = h(By) is the branch value 
of h. Moreover Py = \J™ =1 h k (By), °b,k = h~ k {b) and O b = \J^ =0 h~ k {b) the backward orbit of 
b under h. The condition (3) of the above assumption A means that for any branch point 6, 
the backward orbit of b under h does not intersect with the set of branch points except the 0-th 
orbit b. The condition (3) is not trivial but satisfied in many cases including a tent map. The 
condition (3) can be replaced by the following condition (3)': 

(3) ' By n Py is empty. 

In fact, not(3) is equivalent to that there exists y G By n (UfcLi ^ ~ k (P)). This means that 
there exist y, b G By and an integer k > 1 such that h k (y) = b. This is equivalent to not(3)'. 

Moreover, since we assume that Py is finite, (K, 7) satisfiesthe open set condition. Let V = 
K\Py. Then V is an open dense subset of K satisfying Jj(V) H 7&(V r ) = for j ^ k. In 
fact, on the contrary suppose that jj(V) n 7fc(V) / 0. Then there exist u,v G V such that 
6 := Jj(u) = Jk(v). Then h(b) = u = v and u G C 7 C P 7 , which is a contradiction. We show 
that V is invariant under 7. On the contrary suppose that x = jj(u) is not in V for some u G V. 
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Then x is in P 7 and u = h(x) is not in Py. Hence x = h k (b) for some b G L? 7 and a natural 
number k, so n = h k+1 (b), which contradicts that it is not in Py. 

Example 2.1. (tent map) lei if = [0,1], 71 (y) = (1/2)?/ and 72 (y) = 1 - (V%- ^/ten a 
family 7 = (71,72) of proper contractions is a self-similar map. We note that P 7 = {1/2}, 
C7 = { 1 } an d -P7 = { 0) 1 }• A continuous map h defined by 



h{x) 




< x < 1/2 
1/2 < x < 1 



satisfies Assmption A (1). The map h is the ordinary tent map on [0,1], and (71,72) is the 
inverse branches of the tent map h. We note that P 7 = { 1/2 }, C 7 = { 1 } and P 7 = { 0, 1 }. 
We see that h{l/2) = l,h(l) = 0,h(0) = 0. Hence a self-similar map 7 = (71,72) satisfies the 
assumption A above. 

Example 2.2. Let if = [0, 1]. For n > 2, we take n + 1 numbers t{ (i = 0, ... , n) snc/i i/iai 
= to < *i < • • • < tn-l < t n = 1. iei h be a continuous map from if to if such that h 
is linear on each subinterval [ij,ij+i] and takes value or 1 at the endpoints of the subinterval 
interchangingly. We denote by r Yi(i = l,...,n) the inverse branches ofh. Then 7 = (71, . . . , 7jv) 
satisfies the assumption A. We note that P 7 = { t\, . . . , i n -i}, and P 7 = { 0, 1 }. If n = 2, then 
C 7 = {0} or {I}. i/n>3, then C 7 = {0,1} . 

Example 2.3. [2] (Koch curve) Let uj = 5 + i-^ G C. Consider the two contraction 71, 
72 on i/ie triangle domain A C C itrei/i vertices {0,w,l} defined by 71(2) = and 72(2) = 
(1 — w)(z — 1) + 1 /or zeC. Lei r 6e i/je reflection in the line x = 1/2. W^e pni 71 = 71 and 
72 = 72 t. Pni if = Pl^Li nfjx,...,j„)e£" 7ji " " " 7jn(^)- ^Zien if is i/te ifoc/i CWue and 
(if, 7) is a self-similar map satisfying the assumption A. We note that By = {uj}, C 7 = {1} and 
P 7 = {0,1}. 

Example 2.4. IS] (Sierpinski gasket) Lei P = (1/2,^/2), Q = (0,0), R = (1,0), S = 
(1/4, \/3~/4), T = (1/2,0) and U = (3/4, y3/4). Lei 71, 72 and 73 be contractions on the 
regular triangle T on R 2 with three vertices P, Q and R such that 

7i(*,y)=(f + ^ 2(x ' y) = (!'!)' ^f) = (f + 

We denote by a$ a rotation by angle 9. We put 71 = 71, 72 = a_ 27r /3 072, 73 = a27i-/3°73- Then 
7i(APQP) = APSU, 7 2 (APQP) = ATSQ and 73 (APQP) = ATRU, where A ABC denotes 
the regular triangle whose vertices are A, B and C. Put if = H^=i Df^ Jn )eE" (7n°' ' '°7in)(^)- 
T/ien (if, 7) is a se// similar map satisfying assumption A, and if is the Sierpinski gasket. 
By = { S,T,U } , Cy = P 7 = { P, Q, R } and /i is given fry 

7l - 1 (x,n) (x, y) G APSU D if 
/i(x, y) = ^ 7^ (<c, y) (3, y) G ATSQ n if 

k 7 3 _1 (^y) G ATRUDK, 

3. HlLBERT C*-BIMODULES 



Following [T4], we introduce Hilbert C*-bimodules (or (^-correspondences) and their Cuntz- 
Pimsner C* -algebras for self-similar maps. 
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Let A be a C*-algebra and X a Hilbert right j4-module. Let C{X) the set of bounded linear 
operators on X which have adjoints with respect to the A-inner product (x\u)a- We denote by 
9 X;V the "rank one" operator given by 6 X;y (z) = x{u\z)a for x,y,z £ X. We denote by K.(X) the 
C*-algebra generated by rank one operators, which is sometimes called the compact ideal. 

We say that X is a Hilbert bimodule over a C*-algebras A if X is a Hilbert right A- module 
with a *-homomorphism <f> : A — > L(X). We always assume that X is full and <j) is injective. 

We recall the construction of the Cuntz-Pimsner C*-algebra Ox associated with X. Let 
F(X) = 0^° =o X® n be the full Fock module of X with a convention X m = A. For (Gl, the 
creation operator G L(F(X)) is defined by 

Tt=(a) = £a and T^fa ® • • • ® £„) = £ ® & ® ■ ■ ■ ® f n - 
We define : A -> L(F(X)) by 

= a& an d ® • • • ® £n) = 0( a )Cl ® • • • ® £n 

for a,b £ A. The Cuntz-Toeplitz algebra Tx is the C*-algebra acting on F{X) generated by 
iF(x)( a ) with a £ A and Tg with £ G X. 

Let (JT) — > Tx be the homomorphism defined by = T^T*. We consider the ideal 

-Of := 4'~ 1 (K(X)) of A. Let Jx be the ideal of Tx generated by {ip(x)( a ) ~ {jK °4 > ){ a )\ a £ Ix}- 
Then the Cuntz-Pimsner algebra Ox is defined as the quotient TxjJx ■ Let it : Tx — > Ox be 
the quotient map. We set S% = tt(T^) and i{a) = n(iprx)( a ))- Let ix ■ K(X) — > Ox be the 
homomorphism defined by ix^O^) = S^S*. Then n((jK </>)(°)) = (i>K ^X ) fo r a £ Of- 

The Cuntz-Pimsner algebra Ox is the universal C* -algebra generated by i(a) with a £ A 
and with £ G X satisfying that i(a)S^ = S^^, S^i(a) = S^ a , S^S V = i((^\i])A) fo r a G j4, 
£, ?7 G X and i(a) = (iK°4>)( a ) fo r cl E Ix- We usually identify i(a) with a in A We also identify 

with £ £ X and simply write £ instead of Sg. There exists an action (3 : R — >• Aut Ox defined 
by Pt(0 = e lt £, for £ G X and (3 t (a) = a for a£ A, which is called the gauge action. 

Let 7 be a self-similar map on a compact metric space K satisfying Assumption A. Let 
A = C(K), C = \J? =1 { (ji(y),y) \ y £ K}, and X = C(C). For /, g £ X and a, b £ A, we define 
left and right A module actions on X and an j4-inner product by 

(a-f-b)( 7j (y),b)=a( 7j (y))f( lj (y),y)b(y) y £ K, j = l,...,N 

N 

(f\g)A{y) = ^2f('jj(y),y)g(ij(y),y) y£K. 

We define the representation <f> of A in C(X) by 4>(a)f = a - f. By [U], (X, cf) is proved to be 
a C*-correspondence over A. We denote by 7 the Cuntz-Pimsner C*-algebra associated with 
X and call it the Cuntz-Pimsner algebra 7 associated with a self-similar map 7. 

We put J x = (j)~ l {lC(X)). Then J x is an ideal of A. 

We recall some basic facts on the Cuntz-Pimsner algebra 7 associated with a self-similar 
map 7. 

Lemma 3.1. [2] £e£ j be a self-similar map on a compact metric space K If (if, 7) satisfies the 
open set condition, then the associated Cuntz-Pimsner algebra 7 is simple and purely infinite. 
Moreover Jx remembers the branch set B~ so that Jx = { / G A \ f(b) = for each b £ By } 
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Let X® n be the n-times inner tensor product of X and <f> n denotes the left module action of 
A on X® n . Put 

=A®I + K{X) ® I + K,{X m ) ® I ■ ■ ■ + K,{X® n ) c C{X® n ) 

We embedd J* n ) into F {n+l ^ by T t-> T ® I for T £ J"H Put = U~ =0 ^" (n) - 

By Pimsner [20] we can identify J-W with the C*-subalgebra of C 7 generated by A and 
S'xS'* for x,y 6 fc = l,...,n under identifying S^S*^ with ft^ . Then the inductive 

limit algebra J^ 00 ) is exactly the fixed point subalgebra of C 7 under the gauge action. We 
call J<°°) the core of O x . We note that J"^ 1 ) = ® J + /C(X® n+1 ). Thus J< n > is a C*- 
subalgebra of J r ( n + 1 ) containing unit and /C(X® n+1 ) is an ideal of J r ( n + 1 ). We sometimes write 
jr(n+i) = F {n) + /c(X® n+1 ) for short. 

4. The Rieffel correspondence of traces 

In this section, we study the Rieffel correspondence of traces on Morita equivalent C*-algebras 
A and B. If C*-algebras are not unital, then there does not exist a bijective correspondence 
between the finite traces on Morita equivalent C*-algebras A and B in general. For example, 
consider A = C @ C and B = C © K(H). We consider the case that a Hilbert module is 
of finite degree type and show the following: If C*-algebras A and B are Morita equivalent 
by an equivalence bimodule of finite degree type for both sides, then there exists a bijective 
correspondence between the finite traces on A and B. In general, if C*-algebras A and B are 
Morita equivalent, then there exists a bijective correspondence between the densely defined lower 
semi-continuous traces on A and B written by countable bases, see, for example, N. Nawata 

Since the correspondence can be explicitely written using basis, we recall the notion of basis 
for a Hilbert C*-module, see [12] and [ID] . Let X = Xa be a (right) Hilbert C*-module X over 
a C*-algebra A. A family (ui)i^i in X is called a (right) basis, (or a tight frame more precisely 
as in [6]) of X if 

x = ^2 t u i( v >i\ x ) A for any x G X, 
iei 

where the sum is taken as unconditional norm convergence. Furthermore (ui)i£j is called a finite 
basis if (iti)ie/ is a finite set. If a Hilbert C*-module is countably generated, then there exists a 
countable basis (that is, finite or a countably infinite basis ) of X and written as {uj}?^, where 
some Ui may be zero. Let {ui}^ =1 be a countable basis of Hilbert right 5-module X and {vj}Jl 1 
a countable basis of Hilbert right C-module Y. Assume that there exists a *-homomorphisms 
4> : B — > L(y). Then {uj® ^j}i=i,2,...j=i,2,... constitutes a basis of X(g>£^ for any ordering ( [TZ] 
and [32]). 

Let 4 be a C*-algebra. We denote by T(A) the set of tracial states on A. We assume 
that T(A) is not empty. Let X be a countably generated Hilbert ^-module and {ui}'^ 1 a 
basis of X. For a tracial state r on A, sup n T ((^i|' u i)A) G [0,oo] does not depend on the 
choice of basis as in [;I5], see also the proof of Proposition 14.11 of this paper. We put 

d T = sup n Y^=i T (( u i\ u i)A)- We call that X is of finite degree type if sup rg7 -(^) d T < 00 ([12] 
and [15]). For example, let X be the Hilbert bimodule associated with a self-similar map 7 = 
(71) • • • j In) of ./V proper contractions. Then Xa is of finite degree type and sup Tg7 -(^) d T = N. 

In the papr we assume that a Hibert C*-module is countably generated. Let A and B be C*- 
algebras. We say that an B — A equivalence bimodule X = bXa is of finite degree type for both 
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sides if T{A) and T(B) are not empty and X A and bX are of finite degree type, where Xa and 
bX are Hilbert C*-modules considered as a right ^4-module and a left S-module respectively. 

Proposition 4.1. If C* -algebras A and B are Morita equivalent by an equivalence bimodule X 
of finite degree type for both sides, then there exists a bijective correspondence between the finite 
traces on A and B. Let {u-i\ c *l l and {wj}JL l be countable bases of Xa and bX respectively. The 
correspondence is given explicitely as follows: 

For a finite trace r on A, we can define a finite trace 7f(r) on B by 

oo 

*( r )( fe ) = ^2T((Ui\bUi) A )- 

i=l 

For a finite trace a on B, we can define a finite trace ip(cr) on A by 

oo 

$(<*)(<>) = ^o-( B {w j a\w j )). 

3=1 

The correspondence does not depend on the choice of bases. The correspondence preserves the 
order of traces. Moreover we have 

7f(r)( B (x|y)) = T((y\x) A ), i>(<r){(z\w) A ) = a( B (w\z)). 

Proof. Firstly, we consider the case that B = K(Xa). Since X is of finite degree type, for 
T G JC(X) + , we have 

oo 

'Y^T{{ui\Tui)A) < \\T\\d T . 
i=i 

For general T G JC(X), we have Yli^i \ T ({ u i\Tui) A )\ < 4d r ||T|| < oo. Hence tt(t) is well-defined. 
Let {vj}j^ 1 be another basis of Xa- Then for T G JC(X), we have 

oo oo oo / oo 

^T({ui\T*Tui) A ) = ^T((Tui\Tui) A ) = E r C^VjivjlTu^AlTu^A 

i=l i=l i=l \ j=l 

oo / oo \ oo oo 

= E r Y,^\ Tu ^\Tu l ) A =Y j Y, t ^\ Tu ^\Tu 1 )a) 

i=l \j=l J i=l j=l 

oo oo oo oo 

= EE r (^l T ^^'l T ^) = EE T {(VjlTUiUvjlTUiK) 
j=l i=l j=l i=l 

oo oo oo oo 

= ^^ S ^ T ({ T * v j\ u i( u i\ T * v j)A)) = S ^T{(T*V j \ S ^Ui{Ui\T*Vj) A )A) 
j=l i=l j=l i=l 

oo oo 

= Y j r{{T*v j \T*v j ) A ) = Y j r{{v j \TT*v j ) A ). 

3=1 3=1 

This shows that for S G K,(X) + 

oo 

^2T((Ui\SUi) A ) 
i=l 
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does not depend on the choice of the basis {ui} c ?L 1 by taking T = S 1 / 2 . Moreover, the same 
calculation shows that T i-> Yli=-i T {( u i\Tui) A ) gives a finite trace on K(X A ) by the polarization 
identity. Secondly we consider the general case. Since there exists an isomorphism of B onto 
IC(X A ), we can define a finite trace 7r(r) on B by 

oo 

^( T )( fo ) = ^T((Ui\bUi) A )- 

1=1 

Similary, for a finite trace a on B, we can define a finite trace VK ") on A by 

oo 

^)(a) =^a{ B {w j a\w j )). 
j'=i 

Since = x(j/|z)a = ^(z), 

oo oo oo 

^V((uj| B (x|y)uj)A) = ^r(uj|a;(y|uj)A)A) = ^r((u i |ar) i4 (y|ui) i 4) 

i=l i=l i=l 

oo oo 

= ^2r((y\ui) A {ui\x)A) = T(y\^ j u i (u i \x) A ) = r((y\x) A ), 
i=i i=i 

we have 

*(7")(B(&|y)) = r((y|x) j4 )- 

Similarly we have 

ip(a)((z\w) A ) = a( B (w\z)). 

Since the Hilbert bi-module is full on both sides, the correspondence is bijective. By definition, 
the correspondence preserves the order of traces. 

□ 



5. Analysis for point mass 

Let 7 be a self-similar map on K which satisfies the assumption A. We denote by B(K) the 
set of bounded Borel functions on K, and by M(K) the set of finite Borel measures on K. For 
a Borel function a on K, we define a Borel function a by 

N 1 

5 (y)=E e j 7j -(y),y) a M y » = £ 

Even if a is continuous, a is not continuous in general, because we do not count the multiplicity 
in {x G 

We usually identify a finite Borel measure \x with the associated positive linear functional on 
C(K). So, we may write as /x(a) := f adu for a G C(K) for short. For a Borel set B C K, we 
may write n(B) = (J-(xb) if no confusion arize. 

For a finite Borel measure \i on if, we define a finite Borel measure F{\i) on K by 



F(/i)(a) = M (5) (aGC(K)). 



In particular, we have F(5 y ) = Ylxeh~ 1 (y) ^> wnere $y is the Dirac measure on y and the sum 
on x should be taken without multiplicity. In fact 

N 1 

F(5 y )(a) = S y (a) = a(y) = ^ - M lj(y)) = Yl 5x ^' 

3=1 "/W3\y)>y) x£h-i(y) 

Lemma 5.1. Let X be a C* - correspondence associated with a self-similar map 7 on K. Let 
{ui}°l 1 be a countable basis of X. Then for a G A and y G K, we have 

00 

^2{ui\<f>(a)ui) A (y) = a(y). 
i=i 

Proof. For / G X = C(C), we have \f(x,y)\ < ||/|| 2 and the identity YA=i u i( u i\f)A = f 
converges in norm || H2. Hence the left side converges also pointwisely. For each fixed y G K, 
k = l,...,N,we consider the value of Y^Zi Ui(ui\f)A = / at (x, y) = (jk(y),y)- 

/ n \ / n AT 

lim I y^«i(7fc(j/),y)(«i|/U(j/) J = lim V] «i(7fc(j/). y) V] «ifa(l/)> i/)/fa(j/)> y) 



--f{ik(y),y)- 



For j with 7,(2/) / j k (y), we take / G X such that /(7 fc (y),y) = 1 and /(7,(y), y) = 0. Then 
we have 

(n AT \ / n N 

y^«i(7fc(y)>y)5Z«i(7j(y)>j/)/(7j(y)>j/) I = lim ( ^^(7k(y)>y)^(7k(y)>yH(7fc(y)>i/) 
* — » * — ' / n— >oo \ *■ — » 

i=l j=l / \i=l / 

00 

1=1 

Recall that the branch index at (7j(y),y) is given by e 7 (7j(y),y) = #{i G £|7j(y) = 7«(y)} and 
and that e 7 (7j(y),y) express the multiplicity. For a £ A, we have 

00 00 N 

^2(ui\(p n (a)ui) A (y) = ^2^2ui(<y j (y),y)a^ j (y))u i (-f j (y),y) 

i=l i=l j=l 

00 N 

1=1 j=i 

N ( 1 00 \ 

= E ^ e 7 ( 7j (y ) , y) Q(7j ' ) ^ 67 (7j ^) ' ^ l"< fa" » ^ 1 2 J 



□ 



We shall rephrase the lemma above as follows: 
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Corollary 5.2. Let X be the C* -correspondence associated with a self-similar map 7 on K. Let 
{u{}^ 1 be a countable basis of X. Then we have 

00 

^ii((ui\(j){a)ui) A ) = F{p){a). 

8=1 

Moreover let X® n be n-th tensor product of X and {vj} ( jL 1 be a countable basis of X® n . Then 
we have 

00 

3=1 

Proof. It is enough to recall that X® n is the Hilbert C*-module associated with a self similar 
map 7 n = ( 7il o • • • o 7i„)(u, on K as in [13]. □ 

The identity above is proved for a certain concrete basis in Kajiwara [10] by a direct compu- 
tation. 

Let X be the C*-correspondence associated with a self-similar map 7 and n an integer with 
n > 1. We define y$ £ X® n by 

y% := (l/^N) n l c ® 1 C ® • • • ® l£ € ^ 0n - 
Since (y^U = i", for z G X® n 

^(x A )(^l?/o)yo = 0*^(1/0) = ^0 = 2- 

This shows that a singleton set {yo} is a finite basis for the left K (X^-module ^(x A )^® n - 

Lemma 5.3. Lei X 6e f/ie C* -correspondence associated with a self-similar map 7 and n an 
integer with n > 1. T/ien Hilbert C* -modules X® n a and ^x®n)X® n are of finite degree type 
and full. 

Proof. First, we prove that X® n A is of finite degree type for n = 1. Put a = Ik, a constant 
function on K, in Lemma l5.11 Then we have 

00 

^2(ui\ui) A (y) = 1k(v) <N-1 k , 
i=i 

Hnece, for any tracial state r on A, we have 

00 

J2 T (( u i\ u i)A) < N. 

i=l 

Thus Xa is of finite degree type. For general n, the conclusion follows from the fact that X® n 
is the Hilbert C*-module associated with a self similar map 7™ = (7^ o ■ • ■ o 7i n )(i lv .. i j n )gE n on 
K as in [13]. Since {y^} constitutes a finite basis of jc(X (Sn )^ <Sn , it is clear that jctx® n )X® n ^ s 
of finite degree type. 

Since (y%,y%) A = 1 K, %T is fulL B y definition, ^x^X®* 1 is full as a left /C(X® n )-module. 

□ 
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Let be a basis for X® n . By Proposition 14. II and Lemma [5 .31 for a finite Borel measure 

H, there exists a finte trace Tr n (n) on K,{X® n ) such that 

oo 

and for f, 77 € X® n , 

Since G X® n constitutes a basis for the left Hilbert C*-module £(x®n)X (g,n , for a trace r on 
/C(X® n ), there exists a finite Borel measure tp(T) n such that 

^n(r)(tt) = T{e y n ai yn). 

for a e i = C(if). 

We shall study the traces on the core = L£° =0 F {n \ where F (n ^ = A® I + K{X) ® I + 

K{X m ) ® I h /Cpf® n ) C £(X® n ). We usually identify with the C*-subalgebra of C 7 

generated by a G A and S^S* for x, y G fc = 1, . . . , n, by identifying S^S"* with 6^ and a 

with </>(a). 

We note that = ® J + /C(X® n+1 ), where J"( n ) is a C*-subalgebra of 

containing unit and )C(X® n+1 ) is an ideal of J r ( n + 1 ). Any finite trace r on J^ 00 ) is determined 
by a sequence (r[ n ]) n of its restrictions ry to J 7 ^). Each trace rr n+ i] is determmied by its 
restriction rr n i to J^* 1 ) and the restriction T n+ \ to /C(X® n+1 ) which is described by a finite Borel 
measure fi n +i on K under the Riefell correspondence. 

Conversely a compatible sequence (%])„ of traces on increasing subalgebras 

gives a trace on the inductive limit F^°°\ First we find a sequence (/%) n of finite Borel measures 
on if, which gives a sequence (r n ) n of traces on KL{X® n ) by the Riefell correspondence. We shall 
extend a trace 7| n ] on J 7 *™) and a trace r ra+ i on /C(X® n+1 ) to a trace Tj n+ i] on 

Therefore we need the following extension lemma of traces to construct traces on the core 
and classify them. 

Let A be a C*-algebra and I be an ideal of A. For a positive linear functional ip on /, we 
denote by Tp the canonical extension of ip to A. Recall that for an approximate unit (u\)\ of I 
and x € A, we have 

^(x) = lim (p(xu\) 

A 

We refer pQ for the property of the canonical extension of states. 

The following key lemma is proved in Proposition 12.5 of Exel and Laca [2] for state case, 
and is modified in Kajiwara and Watatani |15] for trace case. 

Lemma 5.4. Let A be a unital C* -algebra. Let B a C* -subalgebra of A containing the unit and 
L an ideal of A such that A = B + I. Let r be a finite trace on B, and ip a finite trace on I. 
Suppose that the following conditions are satisfied : 

(1) ip(x) = t(x) for x G B n L . 

(2) Tp(x) < t(x) for positive x G B. 

li 



Then there exists a unique finite trace on A which extends r and <p. Conversely, if there exists 
an finite trace on A, then its restrictions r and ip on B and I must satisfy the above conditions 
(1) and (2). 

In order to describe an inductive construction of traces on the core smoothly, we need to 
modify the Rieffel correspondence of finite traces r n on JC(X® n ) and finite measures /i n on K 
by a normalization as follows: 

Lemma 5.5. Let 7 be a self-similar map on K . Fix a natural number n. For a finite Borel 
measure \i on K, there exist a unique finite trace r = 7r n (/x) on /C(X® n ) such that 



for £, r] € X® n . Conversely, for a finite trace r on fC(X® n ), there exists a unique finite Borel 
measure = ip n ( T ) on K such that 7r n (/i n ) = r n and 

Ka) = N n T(e y ^ a , y n), 

foraeA = C{K). 

Proof. We can put 7r n (^) = — ^(/i), i/i n (r) = iV n ^ n (r). □ 



In the following we shall investigate compatibility conditions of finite traces 7| n ] on 111 
terms of finite traces r n on lC(X® n ) and corresponding finite measures [i n on K. 

Proposition 5.6. Let 7 be a self-similar map on K. Let \x be a probablity Borel measure on K, 
which is identified with a normalized trace on C{K). For a positive integer r, let ip = 7r r (^) be 
the corresponding finite trace on K,{X® r ) under the modified Riefell correspondence in Lemma 
15,51 Consider the canonical extension Tp of ip to C{X® r ). For an integer k with < k < r , put 
— jyr-fc F r ~ k ([i). Then the restriction ofTp to )C(X® k ) I is exactly the corresponding finite 
trace on K,{X® k ) for under the modified Riefell correspondence, that is, for x,y 6 X® k , we 
have 



<p{0x, y <8> J) = j^fik((y\x) A )- 
12 



Proof. Let be a basis of X® k and be a basis of X®( r k \ Then (sj (8) £3)1,3 * s a basis of 
x ®r = x ®k^ x ®(r-k) q 12 J). Using Lemma IfTTl for A: ^) and F r - fc , for x,y £ X® k , we have 

oo oo oo oo 

Jp{e x>y <g> I) = ® Wsmj^i®^) = Y E vVexMBt^miatj) 

i=l j=l i=l 3=1 

oo oo ^ oo oo ^ ^ 

= EE;^(( Si ®^^( s i)® i iW = EE jy* j^qt/'^ji^l^W)^')^ 

i=l 3=1 i=l 3=1 

oo oo 

= E ^^(^-V)((«*IW-*)W = E ^^(^-V)((^(^UW) 

i=l i=l 

00 1 1 00 1 1 

= E ^]v^(^ r ~V)((^|x)^(y| Si U) = Y jF W Zk(F r - k M(v\sMBi\x) A ) 

i=l i=l 



x i 

-(F r -V)((2/lX)^( s ^U))A) = «*A*fc((l/k)A). 



1 1 

1=1 



□ 



Corollary 5.7. Let r 6e a finite trace on J^^ 1 ) andr n andT n +\ be its restriction to K(X® n )®I 
and K,{X® n+l ). Let fi n = ip n (T n ) and /i n +i = Vwi^n+i) fre the corresponding Borel measures 
on K by modified Riefell correspondence. Then we have the following relations: 

(1) For T £ K{X® n ) + C F^, we have that 

))1 (r)<r„(T). 



A r 



(2) For f £ B(K)+, we have that 



^„(vr n+1 ( /Un+1 )|/C(X^))(/) = -F(fi n+1 )(f) < Mr n )(f) = **»(/) 
(3) ForT®L G /C(AT® n ® J) n /C(X® n+1 ) ; we /iave tta* 

t„(T) = ^((1)f(^ +1 ))) (T). 

Proo/. Apply LemmaElas A = S = J"( n ) I and 7 = /C(AT® n+1 ). □ 

The Corollary above is used to show a relation between point masses of fi n and /i n +i later. 
The content of (2) in the Corolally above is expressed by the following commutative diagram: 

r(JC(X® n + 1 )) T(lC(X® n )) 

1pn+l 



If 

N 



M(K) ■> M{K) 

where /3 n+ i is defined by /3 n+ i(r n+ i) = 7Vm|/C(X cg)n ) 

In particular, if /U n+ i is a Dirac measure 6 y , we have the following Corollary, which was 
obtained in |8]. 
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Corollary 5.8. 



^((vr n+1 (^)|/C(X^)) = - Yl 5 * 



where we do not count the multiplicity for the right hand side. 

For / G C(K), we define a n (f) G C{K) by a"(/)(x) = f{h n (x)). Then it holds that 

U = 0„(a"(/))e, (Cein 

For T G /C(X 0n ), we need to find / G C(if) such that (T<ft n (a n (f))) ® / G /C(X® n ) ®Jfl 
/C(X® n+1 ). By Pimsner [20], it holds that 

/C(X 0n ) ® / n /C(X 0n+1 ) = K{X® n J x ) I. 

where J x := ^(i^X)) = { / G C(iT) | /(&) = for 6 G 5 7 }. 
The right hand side is expressed as 

KiX^Jx) =C* I Y^e im , Vifi | 6, ry, G ft> /< G J X | 

For £, 77 G X® n , we have that 

= ®i,M<*"(f))V = %,r)^n(a n (/)*) G ^(X ™). 

Since any T G /C(X® n ) is a liimit of a sequence (Tfc)fc such that Tfc = £)p=i ^x p ,j/ p (^p, 2/p G X®") 
is a finite sum of "rank one " operators, we have obtain the following lemma: 

Lemma 5.9. LetT G /C(X® n ) and f G J x , then (T <j) n {a n {f))) ® / G K{X® n ) <g> /n/C(X® n+1 ). 

The following Lemmas describe relations of point masses of the corresponding measures fj, n 
and jU n +i on X for a finite trace on J r ( n + 1 ). 

Lemma 5.10. Let t be a finite trace on J r ( n + 1 ) and r n and r n+ i be its restriction to K,{X® n )®I 
and K,{X® n+l ). Let \i n = i/j n (T n ) and fJ, n +i = V , n+i( r n+i) be the corresponding Borel measures 
on K by modified Riefell correspondence. Let b G K and b = ji(a) for some i, that is, h(b) = a. 
Then we have the following: 

(1) Ifb is not in B~, then the point masses on a and b are related as /i n +i({a}) = N fi n ({b}) . 

(2) Ifb is in B 7 , then /j n+ i({a}) < Nfj, n ({b}). 

Proof. (l)Suppose that b is not in B y . There exist a sequence of compact neighborhoods F m of 
b and open neighborhoods V m of b such that F m C V m , V m does not contain any element of B y 
and V m converges to b as m tends to oo. We take f m G C(K) + such that < f m < 1, f m = 1 
on F m and f m = on V m . Since f m vanishes on B^, we have f m is in Jx- Therefore 

vS,vU m ® 1 G /C ( X0n ) 18 1 n ^(^ n+1 )- 
Then by (3) in Corollary 15.71 it holds that 
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Then 

■j^Vn{(y r of m \yo)A) = ^1^(^+1) ({yofmlvo) a). 

Since (yoly^A = 1, wrfJ-nifm) = jfhrF{fhi+i)(fm)- Let m -> oo, then / m converges to the 
characterestic function on the one point set {&}. Since X{b} = X{a}> 

Mn({&}) = ^(Mn+l)({6}) = ^n+l(W). 

(2) Just apply (2) in Corollary 15.71 A similar calculation directly implies that 

1 . 
— j 

AT 



-^^Vn+l )(*{&}) < /i n (X{6})- 



Therefore we have jf/j n+ i({a}) < fi n ({b}). □ 

6. Construction of model traces on the core 

For each b S -B 7 and r = 0, 1, 2, . . . , we shall construct a model trace t^'^ on J^ 00 -*. 
We denote by <5& the Dirac measure on b. For < i < r, we define Borel measures fa on K 

(6,r) 1 



by 



We note that 



/4 M (/) = ^-7 E /(7A»-07^)). (/eA = C(tf)) 
Cnj2,...,>)eE r -' i 

because h~ k {b) does not contain the brancehd points for k = 1, 2, 3, . . . by the Assumption A. 
For i > r we define Borel measures ^ = on K. 

Proposition 6.1. Let 7 be a self-similar map on K with assumption A. For each b 6 i? 7 and 

r = 0, 1,2, ... , i/iere exists a unique finite trace r( b,r ^ on J^ 00 ) such that T^ b,r ^\A = [in , the 

restriction of T^ b,r ^ to K(X® 1 ) is ~Ki(fa' ) /or < i < r and the restriction of r^' r ) to K(X® 1 ) 
is zero for i > r, that is, 

x£h- r (b) 



and 



-^ r He Xjy ) = ^f' r \(y\x) A )for x,yeX^, i < r. 



Proof. Recall that jrW = A® I + JC(X) ® / + /C(X® 2 ) ® / • • • + /C(X® n ) C We identify 

with the C*-subalgebra of 7 generated by A and S^S** for x,y £ X® k , fe = 1, ... ,n by 
identifying S^SJ with 6^. We note that J r ( n+1 ) = ® I + K{X® n+l ). We shall construct 
finite traces T^f^ on J 7 ^ n = 0,1,2, ... by induction on n. We choose a suitable sequence 

{Hn ,r ^)n of finite Borel measures on K, which gives a sequence (t^ ,r ^) n of compatible traces on 
/C(X® n ) by the modified Riefell correspondence. We shall extend a trace r ^j r ' > on J^") and a 

trace on JC(X® n+1 ) to a trace T'u+x] ° n J 7 ^"" 1 " 1 ^ by Lemma 

15 



We put = T o b ' r ^ = 7r o(Mo' ) ' r ' ) ) an d t} = 7Ti(/i^' r ^). Then TjS is a tracial state. In fact, 
Let {ui)i be a basis for X® r . Then 

< ) (l) = -orf' r) ) = (^(^))(l) = l 

We show that extends to a trace t^'^ on J 7 ^ 1 ) . We note that for a € A 

^F\a) = *o (^(^(rf r) ))(a)) = t$»%), 
because we have -j^F^i^) = 1$^' '■ For a G in /C(X), we have 



(6,0/ \ (6,0/ \ (6,0/ \ 

By Lemma [5. 41 we can construct a finite trace on A + /C(X) which extends and . 

Difine a trace rf ,r) := n{Pi' r) ) on for < % < r and a trace rf ,r) := on K(X® l )iox 

i > r. 

By induction on n, assume that we constructed a finite trace on J 7 ^) satisfying that 

t(M L(X^) = ^(M? r) ) for 1 < i < n and = $> r \ 

We consider the three cases that n < r, n = r and n > r. 

(i)(Case that n < r): 
By Corollarly [521 for < i < n and T G /C(X 0i ), we have that 

®r ® I) = * ((^U) CO = (^)) (T) = T ™(T ® I). 



Thus t^+i = r [^]' r ^ on ^ n ^- Therefore by Lemma 15.44 we can extend to a finite trace r ^+i] on 
jr(n+l)^ 

(ii) (Case that n = r): 

Since we put = 0, clearly, = on J r ( r + 1 ). Hence = < on J 7 ^). 

Let T G /C(X® r ) ® / n /C(X® r+1 ) = /C(X® r J x ). We need to show that r r (M (T) = 0. Any 
T € K{X® r J x ) is written as T = Y°^ x % )J?</i for fi£j x . Since / f (6) = for 6 G 5 7 , it holds 
that 

oo oo 

t^\t) = Y,^ r) ((vi\ti)Afi) = Y.^ r) {(m\&Ah){b) = o. 

i=l i=l 

By Lemma 15.41 we can extend to a finite trace r [^+ j] on 

(iii) (Case that n > r): 



Since we put = and r^' r ^ = 0, we have that = on J r ( n + 1 ). Hence = < 
on 7"H Since JFW n /C(X® n+1 ) = /C(X® n+1 ) n /C(X® n ) = 1C(X® n J x ) ® /, and are 
equal to zero on the intersection J^"-) n K,(X® n+l ). Therefore by Lemma 15.41 we can extend to 
a finite trace on J 7 ^ n+1 ^ . 
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Hence we have constructed finite traces r^f^ on J^™) n = 0, 1, 2, . . . such that t, = 

r£r^ for < n' < n. The family T^f on J 7 *™) n = 0, 1, 2, . . . gives a finite trace r ( - f '' r ') on J^ 00 ) 

such r( b ' r )|^ = /if' and \ K{xm) = Mv?' r) ) for < i < r and \ K , x9i) = for % > r. 

□ 

We shall construct a continuous type trace r^ 00 -* which corresponds to the Hutchinson measure 
Hh on K. 

For / G C(K), we put 

1 * 

G(/)(y) = ^E/(^))- 

Then G : C(K) — > C(K) is a positive linear map. We note that the dual map G* is a positive 
linear map on C(K)* . We denote by P(K) the space of probability measure on K. We note 
that G* conserves P{K). We shall collect some folklore facts with simle direct proofs: 

Lemma 6.2. Let 7 be a self- similar map on K . Then we have the following: 

(1) There exists a metric L on a compact space P{K) such that G* is a proper contraction 
with respect to L. 

(2) There exists a unique fixed point [in in P{K) under G* , which is called the Hutchinson 
measure [in on K, that is, G*(fin) = ■ 

(3) n™ =1 G* n (P(K)) = { m } 

(4) ±F( f i H ) = G*(n H ) = f i H . 

Proof. (1) We denote by Lip(i^) the set of Lipschitz continuous functions on K. Recall that the 
Lipschitz semi-norm || • \\l on Lip(i^) is defined by 

\a(x) - a(y)\ ^, T ^ 
a 1 = sup — ^ r^-, for a G C{K). 

XJ L y d(x, y) 

We define a function L on P(K) x P(K) by 

L(fj,,u) = sup \n(a) — u(a)\. 
NU<i 

By Hutchinson [7], L is a metric on P(K) and the topology on P(K) given by L coincides with 
the w*-topology. 
We shall show 

L(G*(ij),Gr(v))<cL(ji,v) 
using d('~fj(x), 7j(y)) < cd(x,y) for each j. We have 



\G(a)(x) - G(a)(y)\ 1 ^ |o( 7i (x)) - o( 7i (y))| 



< 1 |o(7j(g)) -Q(7j(y))l ^(7j(g))»7j(y)) 
<c\\a\\ L , 
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and it follows that ||G(o)[|l < C ll a ll-L- Then we have 

L(G»,G») = sup HG(a)) - u(G(a))\ 

\H\l<1 

< sup \\G{a)\\ L L{^u) 

ll«llt<i 

< sup c||a||iL(//, v) < cL(fj,, v). 

NIl<i 

It holds that L(G*(/i), G*(/i)) < cL(^,z/). This shows that G* is a proper contraction with 
respect to L. 

(2) is a consequence of (1). 

(3) Since P(K) is compact, the diameter of P(K) with respect to L is finite. Therefore (1) and 
(2) implies (3). 

(4) Since hh does not have point mass, for a G C(K) 

(-^*W))(a) = ^Mff(a) = MG(a)) = (G*( m ))(a) = m (a). 

□ 

Proposition 6.3. Let 7 be a self-similar map on K with assumption A. Let \in be the Hutchin- 
son measure on K . Then there exists a unique finite trace r°° on J^ 00 ) such that r°°(a) = J a fin 
for a G A = C(K) and 

1 

Proof Difine a trace r?° := tt^h) on tC{X® % ) for i = 0, 1, 2, . . . , that is, r°°(a) = J a/x# for 
a G A = C(K) and 

, J_ 

We shall construct finite traces rS on J 7 ^) n = 0, 1, 2, . . . by induction on n. By Corollarlv 15.71 
for < i < n and x, y G X®*, we have that 

^(0^1) = ((^) = ((i) (a*jt)((vWa) = r^(^/) 

Thus r^. x = rS on J 7 *™ - ). Therefore by Lemma \5M we can extend to a finite trace Tr^ +1 i on 
jr(n+l)_ □ 

7. Classification of traces on the core 

We investigate the place where point masses appear on K if a normalized trace r on is 
restricted to A. 

Proposition 7.1. Let 7 be a self- similar map on K with assumption A. Then the restriction tq of 
a finite trace r on J^ 00 ) to A does not have point mass except for points in Orb = Ub g £ 7 U^ C\ r; 
where C\ r = h~ r (b). 

Proof Let = ^o( r o) be the corresponding Borel measures on K. Take a point a G K which 
is not in Orb. Then for any n = 0, 1, 2, 3, . . . , a n := h n {a) ^ -B 7 , where ao = a. Assume that 
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h, y ) = —m{(y\x)A) for x,yeX m . 



'x, y) - ^VH{{y\x)A)) for x,y G X (i 



A*o({o}) > 0. We shall show that n {a n )) > N n 1 . Firstly, consider the case that h 1 (a n ) 
contains an element & n _i G -B 7 . Then 

(u^- 1 1 / i - r (6 n _ 1 ))ni? 7 = 

On the contrary suppose that (U"r|/i~ r (6 n -i)) Pi i? 7 was not empty. Then there exists an 
element c G (U"~^/i _r (6 n _i)) n B^. Then there exists some r = 1,... ,n — 1 with /i r (c) = 
b n -\. This contradicts to Assumption A (3). Therefore (U™~^/i _, '(6 n _i)) n B^ = 0. Then 
#(/ t -( n - 1 )(6„_i)) = iV"- 1 . Since #(/i" 1 (a n ) > 1, we have that #(/i"™(a n )) > AT 71 " 1 . 

Secondly, consider the case that h~ l (a n )C\B~ f = and h~ 2 (a n ) contains an element 6 ra _2 G B y . 
Then a similar argument shows that 

(u^- 1 2 / i - r (6 n _ 2 ))ni? 7 = 

Thus #(/i-( n - 2 )(6 n _ 2 )) = N n - 2 and #(/i~ 1 (a n )) > N. Therefore #(h- n (a n )) > N 71 ^ 1 . Con- 
sider the case that h~ l {a n ) D -B 7 = for i = 1, 2, . . . , r — 1 and h~ r (a n ) contains an element 
6 n _ r G -B 7 with r < n. A similar argument shows that #(h~ n (a n )) > N n . Finally consider 
the case that h~ l (a n ) f] B 7 = for i = 1, 2, . . . , n. Then #(/i _n (o n )) > iV n . In any cases, we 
have #(/t-"(o n )) > iV n_1 . 

By Lemma 15. 10t for any x G h~ n (a n ), 

MM) > = Mo({«o}) > 0. 

Therefore /^(iT) > /i (/i~ n (an)) > N n_ Vo({ao}) > 0. Taking n oo, = oo. This 

contradicts to that /io is a finite measure. Therefore fio({a}) = 0. □ 

Proposition 7.2. Zei 7 6e a self-similar map on K with assumption A. Let tq be the restriction 
of a finite trace r on J^ 00 ) to A. Let [Iq = V'o( r o) be the corresponding Borel measures on K 
by modified Riefell correspondence. For b G -B 7 , r > 0, take any Xb jr ,x' br G 0\, r = h~ r (b), then 
point masses ^o({xb. r }) = ^o({^ r }) 

Proof. This follows directly from Lemma 15.101 □ 

Let r be a finite trace on J r (°°) and Tj be the restriciton of r to 1C(X® 1 ). Let [ii = V ; j( r i) be the 
corresponding Borel measures on K by modified Riefell correspondence. For b G -B 7 and r > 0, 
the proposition above helps us to define a constant c^ r > by the point mass c^ r = //o({^b,r}) 
for any Xb, r G Ob, r = h~ r (b). Let < i < r. By Lemma 15.101 the point mass of \ii at each 
point of x G Ob t r-i is determined by /ii({x}) = Cb r N l and does not depend on the choice of such 

X G Ob- r -i- 

Lemma 7.3. Let 7 be a self-similar map on K with assumption A. For any b,b' G £> 7 and 
integers r,r' > 0, if (b,r) ^ (b',r'), then Ob :T H Oy , r ' = 0- Moreover for any z G Orb = 
Uftgs 7 Ob,r> there exist a unique b G B^ and a unique integer r > such that z G 0^ r . 

Proof. On the cotrary, assume that Ob >r H Of/y 7^ 0. Then there exists x G Oft )r n Oyy- 

Suppose that b = 6', then r 7^ r'. We may assume that r' > r. Since h r (x) = b = h r ' (x), we 

have h r '~ r (b) = b. This contradicts to Assumption A (3). 

Suppose that 6 / 6'. Since /i r (x) = b and /i r (x) = b', r 7^ r'. We may assume that r' > r. 

Then we have /i r ~ r (b) = h r ~ r {h r (x)) = h r (x) = b' . This contradicts to Assumption A (3). 

Therefore Ob, r H O&'y = 0- The rest is clear. □ 

19 



Recall that we difine an endomorphism a on C(K) by (a(a))(x) = a(h(x)) for a £ A = C(K) 
and x eK. Then (a* (a)) (re) = a(/i*(x)). 

Proposition 7.4. Ze£ 7 k a self-similar map on K with assumption A. Let r be a finite 
trace r on For G B 1 and integer r > 0, put a constant c b ^ r > oy i/ie poini mass 

Q>,r = Ho{{xb,r}) for any x b)T G 0& ir = h~ r (b). Then r — X^e-B 7 S^=o ^ r c b,r^ b,r " > is a positive 
finite trace on J^ 00 ) whose restriction to A does not have positive point mass. 

Proof. We shall show that r > YlbeB^ YlT=Q-^ r c b,r T ^ b,r " > ■ Since = ^({xf,^}) for any x b ^ r G 
Ofe,r = h~ r (b), we note that 

00 

2 E^.r = Mo(U 6e B 7 U^ 6>r ) < 1. 

It is enough to show that for any finite positive integer s. 

beB~, r=0 

Since r and ^6eB 7 Sr=o f^ 6 ' 7 ^ are finite traces, it is sufficient to show that 

beB 1 r=0 

for T G for each positive integer p with s + 1 < p. We fix a positive integer p and integers 

r > such that r + I < p. For b G i? 7 and integers i with r < i < p, we can choose a sequences 

m=i,2,... of elements in A — C(K) satisfying the following: 

(1) 0<^(x)<l. 

(2) gt' l \h l - r (b)) = l. 

(3) For each i, the diameter of the support of gm' r '^ approaches zero as m tends to 00. 

(4) a r (gt r ' r) )(x) < ai (gt r ' l) )(x) for each x £ K. 

(5) For any m, if (b, r) 7^ (6', r'),then the supports of a r (gm' r ' r ^) and cv(<7m ,r ,r ^) are disjoint. 
In fact, for b G £? 7 and an integer r > 0, 0& ir = h~ r {b) is a finite set. Moreover if (6, r) / (6', r'), 
then 0& >r fl Oy y = 0. Hence there exist open neibourhoods U^ r for b G 2? 7 and < r < p such 
that h~ r (U b!r ) n h^ r '(U b >y) = if (6,r) / (o',r'). For G -B 7 and integers i with r < i < p, 
it is easy to find a sequences {ffm r '^} m =i,2,... and {g'm' r ' r ^} m =i,2,... of elements in i = C(if) 
satisfying the conditions (1) -(3) above and the support of gm' r ' r ^ is included in U b , r - Then 
define 

i=r+l 

We put /m' r) = a r (gm' r ' r ^)- Let Q = J2 b( z Bj J2r=o fm^- Since < Q < 1, we have 
r(T) > TiTWQT 1 ' 2 ) = t{TQ) = £ ^r(T/M) 

6gB 7 r=0 
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for T G J<p)+. We shall show that 

hm T l {Tft ) ) = N r c b ,.T^ r \T) 

m— >oo 

for T G /CpT®*) with < i < p. 

Since Tj and t^'^ are finite trace and < fm^ < 1, it suffices to prove Lemma for a dense 
subset of JC^X®*). We may assume that T = 6^ v for f , rj G X®\ 

Firstly, we consider the case that < i < r. Let i] £ X® 1 . Then we have 

lim niO^Mortit^))) = lim T0^a\a r -\g^ r) ))) 



= lim 7VV 4 (r i )(^(a i (a r - i (^' r ' r) )))^le)A) 

m— >oo 

= hm 7V> 4 (r 4 )((r ? ^- 4 (^))|e)A) 
m— >-oo 

= hm AT> i (r i )((a r - i (^))(r ? |C)A) 

m— >oo 

£ ^V'MO^Tji • • • jr-iO)) 

(ji, ...,>_<)££»•-* 

=C b , r iV r (Tf' r) )(^). 

Hence 

lim r i (Tft ) ) = c b , r N r r^ r \T) 

m— »oo 

for T G K,{X m ) with < t < r. 

Secondly, we consider the case that r + 1 < i < p. Let £, r/ G X®*. We have 

Jim t, (%,<^(<^))) = (^^J 

= lim ^(r f ) (^(s^MOa 
= lim M^Umt'^lOA 

m— >oo \ 

= lim ^(rOte'^MOO =0 



because ifiifa) does not have a positive point mass at ft 1 r (6) G C 7 UP 7 , by Propsition l7.ll Then 
we have 

lim r i (Ta i (gt' i) )) = 

m— ¥oo 

for T G KiX 91 ). We assume T G /C(X 0i ) be positive. Then we have 

<r i (rVV(3# r ' i ))T 1 /2) 
=7,^(5^))). 

Since Ti(Ta l (gm approaches as m tends to oo, we have 

lim t,(T/^)) = 0. 
m— >oo 
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for T > 0. Since each T G /C(X® 4 ) is expressed as T = T\ — T2 + «(T3 — T4) with Tj > 0, we have 

lim ri(T/^)) = = c 6)r .iVVf' r) (r) 

m— >oo 

for T G JC{X^). □ 

Nextly we shall analyze traces without point mass. 

Lemma 7.5. Let r be a finite trace on J 7 ^ 00 ). If the restriction tqo/t to A does not have positive 
point mass, then r n = ip n ( T \)C(x® n )) a ^ so does not have positive point mass. 

Proof. If ip n ( T \ic(x® n ))) nas a positive point mass, then tq also has a positive point mass at some 
point by Lemma 15,101 □ 

It is a key point that we can replace F by G*. 

Lemma 7.6. Let a be a finite trace of J-^°°^ and a n = o"|/c(x® n ) ^ ae restriction of a to K(X® n ). 
If the corresponding measure i^ n {°'n) does not have positive point mass for any n, then it holds 
that for any n 

—F(ip n+1 (a n+1 )) = G*(ip n+1 (a n+1 )). 
Moreover [i n = ip n (a n ) is a provability measure and jx n = G*(/x n +i) for n. 
Proof. Since ipn+i{&n+i) has no positive point mass, it holds that 

—F(ip n+l (a n+ i))(a) = — :^ n+ i(cr n+1 )(a) = i/> n +i(<r n +i)(G(a)) = G*(t/) n+ i(a n+1 ))(a). 
It holds that cr (J) = HoO-k) = 1) and Ho is a probability measure. By 

(1% is also a probability measure. Inductively, /i„ is a probability measure for each n. 

□ 

We denote by hh the Hutchinson measure on K. It is shown that there exists a unique tracial 
state r^ 00 ) on J^ 00 ) such that r^°°^ = fiH for each n. The tracial state t(°°) gives a continuous 
type (infinite type) KMS state on £? 7 . 

Proposition 7.7. Let 7 be a self-similar map on K with assumption A. Let a be a tracial state 
on F^°°\ If the restriction fj,o of a to A does not have positive point mass, then a coincides with 

T (oo)_ 

Proof. Let a n = o-\fflx® n ) be the restriction of a to K(X® n ) and /i n = i/) n (o~n) be the corre- 
sponding measure. Since j r F(ip n+1 (a n+1 )) = G* (4> n+ i(a n+1 )) and ^F(tp n+ i(a n+ i)) = ip n (.o- n ), 
we have G*(/x n +i) = \x n (n = 0, 1, . . . ). Hence 

00 00 

il n G f| G* fc (P(K)) = f| G* fe (P(^)) 
fc=n+l fc=l 

Therefore /z n = for any n. This implies that a = t^°°^ □ 

We state the following Theorem on the classification of extreme tracial states on the core of 
C*-algebras constructed from self-similar maps. 
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Theorem 7.8. Let 7 be a self-similar map on K with assumption A and C 7 the C* -algebra 
associated with 7. Then for any finite trace r on F^°°\ there exist unique constants C{, >r > and 
Coo > such that 

00 

r=J2 E Arrc ^ r(M + c ~ T ° 

Moreover, the set of extreme tracial states of the core J 7 ^ 00 ) of C 7 is exactly 

{r^}[j{r( b ^\beB J ,r = 0,1,2,...}. 

Proof. Let r be a finite trace r on J^ 00 ). Define q, jr = /io({^b,r}) for any Xb tr G Oj, jr = h~ r (b). 
Then cr : — r — X^r=o c b,r T ^' r ^ is a positive finite trace on J 7 ^ 00 ) whose restriction to ^4 

does not have positive point mass by Proposition 17.41 
If a = 0, then nothing is to be proved. 

If a 7^ 0, put Cqo = cr (l) 7^ 0. Then -^—a is a tracial state on J^ 00 ) and its restriction to A does 
not have positive point mass. Therefore -r-cr coincides with r^ 00 -* by Proposition 17.71 Hence we 
have 

00 

t = E E Arrc ^ r(b ' r) + c - r ° 

We shall show the uniqueness of the expression. Assume that there exist constants c£& r > and 
doo > such that 

00 

Then d^^ = /io({sb,r}) = c& )T ., because we know the point mass of the restrictions of r( b ' r ) to 
A = C(K) and the point mass of the restriction of t°° to A = C(K) is zero. Then CoqT 00 = 
dooT 00 . This implies Cqo = d^. Hence the expression is unique. 

The uniqueness of the expression implies that the set of extreme tracial states of the core 
J 7 ^ of C> 7 is exactly 

{r^}\J{r^\beB 7 ,r = 0,1,2,...}. 

□ 

We explain the construction of extreme traces by two typical examples. 

Example 7.1. We describe the extreme traces on the core of the C* -algebras associated with 
the tent map explicitly. We define discrete measures fi on [0, 1] for < i < r by 

^(f) = ^—i /(Til ° • • • 7ir_i(*l/2))- 

til, -Jr-iM 1,2}* 

We define traces T^ r ' on J^ 00 ) for r > by Morita equivalence and 

T (r) f mi/tV) 0<i<r 
1 \ r + 1 < % 

for each i. We can also define a trace t^ 00 ) on J^ 00 ) by 

(00) _ 
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for each i where fioo = pn is the normalized Lebesgue measure on [0, 1] and coincides with the 
Hutchinson measure. The the set of extreme traces on the core of C* -algebras associated with 
the tent map on [0, 1] is exactly { t^ ' ,t^\ . . . , t^°°^ } . 

Example 7.2. We write down extreme traces on the core of the C* -algebras associated the 
self-similar map generating the Sierpinski gasket K . We define measures on K by 



f'i 



(S,r) _ 1 



3 r— 1 

(Ju-,jr-iM 1,2,3 }»■ 



f(ljl°---°ljr-A S s)) 



0'i,-jV-i)e{ 1,2,3 }'— 1 

Vi 1 ^ =7^~ /(7ii ° • • • ° 7ir-<(fo)) 

C/l,-,ir-i)6{ 1,2,3 }»-< 

TTien we define traces t^ S ' t \ t^ T ' t ^ and t^ u,t ^ for r = 0, 1, 2, . . . using fj^' r 's, fif^'^s and fj,f^' r 's 
by Morita equivalence. We can also define a trace t(°°) on by 

(oo) 

r> = VH, 

for each i where pu is the Hutchinson measure on the Sierpinski Gasket K . 

Finally, we describe a connection of the extreme traces of the core and the KMS states of C 7 . 
A general characterization of KMS states is given by Laca-Neshveyev [IT]. Let (3 > log N and 
we put 

where Cft j( g is a normalizing constant. 

Proposition 7.9. Let 7 be a self-similar map on K with assumption A. Then t^°°^ extends to 
a log N-KMS state on C 7 and for (3 > log TV, extends to a (3 -KMS state ofOj. 

Proof. This follows from the fact that the /3-KMS state of is described concretely in section 
6 of our paper [8] with Izumi. 

□ 
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